Oskar Klein, the sixth dimension and the strength of a magnetic pole by Sandoval-Villalbazo, A. et al.
ar
X
iv
:g
r-q
c/
03
03
09
7v
5 
 8
 F
eb
 2
00
6
Oskar Klein, the sixth dimension and the strength of a magneti pole
A. Sandoval-Villalbazo
a
, L.S. Garía-Colín
b, c
and A.L. Garía-Periante
a
a
Departamento de Físia y Matemátias, Universidad Iberoameriana, Méxio D.F.
b
Departamento de Físia, Universidad Autónoma Metropolitana, Méxio D.F. and
c
El Colegio Naional, Centro Histório, Méxio D.F.
This work extends to six dimensions the idea rst proposed by Klein regarding a losed spae in
the ontext of a fth dimension and its link to quantum theory. The main result is a formula that
expresses the value of the harateristi length of the sixth dimension in terms of the strength of a
magneti monopole g. It is shown that in the ase of Dira's monopole, the ratio of the harateristi
lengths of the fth and sixth dimension orresponds to twie the ne struture onstant α. Possible
onsequenes of the idea are disussed.
I. INTRODUCTION
It is well known that the world lines of harged partiles in the presene of gravitational and eletromagneti elds
an be viewed as geodesis in the 5D spae-time rst proposed by T. Kaluza [1℄. Kaluza's treatment was later improved
by Klein in 1926 [2℄, in a quantum theoretial approah, giving rise to the so-alled Kaluza-Klein theory [3℄. This
formalism also makes possible to propose, based on plausible grounds, a simple formula that gives the value of the
harateristi length of the fth dimension in terms of fundamental onstants of nature. The original Kaluza-Klein
theories have been, sine the 1920's, the subjet of further analysis that inlude generalizations to a larger number of
dimensions [4℄, osmologial impliations [5℄ and magneti monopoles [6℄, most of them treated a-la Dira [7℄.
This last subjet deserves more attention. Reently [8℄, the authors have observed that a simple 6D generalization
of Kaluza's 5D metri leads naturally to the geodesis of partiles possessing (hypothetial) fundamental magneti
harges. Further, this 6D spae-time reprodues Maxwell's equations in the presene of magneti monopoles and
allows the establishment of a wave equation for the vetor potential [9℄. In view of these fats, we have reanalyzed
Klein's formalism in order to establish a link between the eigenvalue of the sixth dimensional momentum operator
and the disrete nature of the hypothetial point harges. We also examine the harateristi length of the sixth
dimension by setting the magneti harge equal to the value proposed by Dira.
II. KALUZA'S CLASSIC THEORY IN 6 DIMENSIONS
We start this setion observing that the geodesi equation
d2xα
dt2
+ Γ
α
βλ
dxβ
dt
dxλ
dt
= 0 (1)
ontains the equation of motion of a magneti harged partile in the presene of a stati eletromagneti eld given
that:
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In Eq. (1), the indies α, β and γ run from 1 to 6 and
ξ =
√
16πGǫ0
c2
,
is introdued in order to obtain the orret gravitational and eletromagneti stati limits (Poisson equations) as shown
in the appendix of Ref. [10℄. Also, in Eqs. (2-4), εo = 8.85× 10
−12 c
2
N m2
, G = 6.67× 10−11N m
2
kg2
and c = 3 × 108m
s
.
Dimensional onsisteny requires a magneti harge g measured in m
s
c. The metri (4) involves the stati potentials
ϕ and η, and an easily be extended to inlude non-stati elds [1℄-[8℄. Nevertheless, for the ideas here presented, the
stati elds metri will be enough.
III. KLEIN'S HYPOTHESIS APPLIED TO x
6
Following Klein [3℄, we write for the six dimensional momentum the equation:
p6 = mgx˙
6
=
g
cξ
(5)
If we now apply the standard quantization rules to the quantity dened in Eq. (5), then:
g
cξ
=
Ngh
ℓ6
(6)
where Ng is an integer number, as required by the quantization of harge, and ℓ6 represents the harateristi length
of the (ompat) periodi six dimension. Use has been made of Eqs. (2-3). Equation (6) is a natural extension
of Klein's arguments regarding the sixth dimension and expresses the idea that its harateristi length is inversely
proportional to the value of the magneti monopole strength g.
IV. CHARACTERIZATION OF THE SIXTH DIMENSION
There is no experimental evidene to x the two parameters in Eq. (6): the harateristi length ℓ6 and the strength
of the magneti harge g. In this sense we propose two alternatives. Firstly, an assumption an be made about the
size of the sixth dimension ompared to ℓ5 whih is given by
ℓ5 =
h
e
√
16πGε0
c2
(7)
If both ompat dimensions posses the same harateristi length, then g is simply given by g = qc. If otherwise,
we assume a vanishing value for g, then ℓ6 would beome innite. This idea seems onsistent with the existene of
non-ompat extra dimensions. If ompatness is a property sought for dimensional spaes of d > 4, the existene of
the still undeteted magneti monopole would favour the idea.
The seond alternative is to give a value for g whih xes the length ℓ6. Most work regarding Kaluza-Klein theory
in the ontext of magneti monopoles is based on Dira's pioneering work [7℄. In that ontext, the magneti monopole
possesses a harge g = εohc
2
e
= 3.3× 10−9Cm
s
and thus,
ℓ6 =
e
εoc2
√
16πGεo (8)
3In this ase, by xing the magnitude of the magneti harge, one an determine the size of the sixth dimension whih
is smaller than the fth dimension as determined by Klein. Moreover, the ratio between the two extra dimensions is
found to be:
ℓ6
ℓ5
=
e2
hεoc
= 2α (9)
where α is the ne struture onstant, whih has been found to be related with the length of the extra dimensions in
the Kaluza-Klein ontext by other authors [10℄.
V. SUMMARY AND DISCUSSION
In previous work, we've shown that Kaluza's theory an be extended to six dimensions in order to inlude an
elementary magneti harge in eletromagneti theory. By doing so, Maxwell's equations beome symmetri and an
be derived diretly from Einstein's eld equations. Here, the theory formulated in Ref. [8℄ has been omplemented
by applying the quantization hypothesis proposed by Klein for the fth dimension to the new sixth dimension. As
a result, an expression for the harateristi length of the sixth dimension is expressed in terms of the strength of
the magneti harge [see Eq. (8)℄. In order to estimate either of these quantities we propose two alternatives. If
ℓ6 is ompared diretly with ℓ5, a value for the magneti harge is obtained. On the other hand, if g is assumed to
orrespond to the value of Dira's monopole, the size of the sixth dimension that an be obtained is related with ℓ5
through the ne struture onstant.
Most work extending Kaluza's ideas is based on Gauge theories and topologial arguments. The results here
presented arise from a simpler methodology in whih the dimensionality of spae-time is inreased in the same way
Kaluza did in his lassi paper. Hene, Klein's hypothesis an be applied diretly to the extra dimension and thus,
the analysis an be done in a straightforward and simple manner.
Kaluza's idea has been abandoned for years for various reasons, one of them being the mass spetra of the partiles
obtained in ve dimensions [12℄. In this sense we wish to point out that the topology in 6 dimensions may dier with
the one in whih that alulation is based. Calulating the mass spetra in a new topology is a task worth pursuing
sine, as some drawbaks of Kaluza's lassial theory were surmounted by extending the metri in Ref. [8℄, new
elements may enter the alulation for the mass spetra and modify the results whereas more symmetry is ahieved.
It is the opinion of the authors that physial ideas leading to simple measurable properties of spaes of more than
four dimensions must be pursued. Part of this work has already been introdued in the form of a Kaluza-Klein
magnetohydrodynamial framework [10, 13℄. We believe that the present work is another step in this diretion.
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